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HILBERT MODULAR FORMS AND CODES OVER F,:

JIM BROWN!, BEREN GUNSOLUS?, JEREMY LILLY?,
AND FELICE MANGANIELLO*

ABSTRACT. Let p be an odd prime and consider the finite field F 2.
Given a linear code C C FZZ’ we use algebraic number theory to
construct an associated lattice A¢c C OF for L an algebraic number
field and Op, the ring of integers of L. We attach a theta series
O, to the lattice A¢ and prove a relation between 65, and the
complete weight enumerator evaluated on weight one theta series.

1. INTRODUCTION

Let p be a prime, ¢ = p/ and C C F} be an [n, k]-code, i.e., a k-
dimensional Fj-subspace of Fy/. Let O be a Z-module and suppose we
have a surjection I : O" — Fy. For instance, one could take f = 1,
O = 7Z, and 1II to be the projection modulo p map in each coordinate.
One obtains a lattice by considering A¢ = IT7*(C) C O". Furthermore,
one can associate a theta series 65, to the lattice A¢. The relationship
between the code C, the lattice A¢, and the theta series 65, can be
exploited to use properties of one to prove results on the others. For
example, one can show if A C R" is an even unimodular lattice, then
n =0 (mod 8) by studying the associated theta series.

The relations between codes, lattices, and theta series have been
studied by numerous authors. For instance, van der Geer and Hirze-
bruch studied the case of codes over F,, O = Z[(,|, and showed the
associated theta series is a Hilbert modular form of full level SLy(Z[(,+
G 1]). They use these results to prove the theta series is the Lee weight
enumerator polynomial of the code evaluated on various weight one
theta series. One can see [7, Chapter 5| for a survey of this work. In
4], they use Hilbert Jacobi forms instead and prove results on the com-
plete weight enumerator. Codes over F, are studied in [2] in relation
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to Siegel Hilbert modular forms defined over Q(+v/5). Taking p to be
an odd prime and considering codes over F,2 and F,, x F,,, one can see
[11, 12] in the context of imaginary quadratic fields and theta series
defined over the imaginary quadratic field. There has been work done
for codes defined over rings as well, see for example [1, 3, 5].

In this paper we study codes defined over F,2 for p an odd prime,
but rather than working with imaginary quadratic fields we consider the
ring of integers Oy, of L = Q((,, VD) for D > 1 square-free and p inert
in Q(v/D). Given a code C C F,, we study the arithmetic of O, and
use it to construct an even integral lattice A¢c C O} and show that it
is not unimodular. We construct theta series that are Hilbert modular
forms and prove a relation between this theta series and the complete
weight enumerator polynomial of the code evaluated on certain weight
one theta series. We note that the weight one theta series are not
algebraically independent, so our result is not optimal. Finding the
appropriate generalized Lee weight and associated polynomial is the
subject of future work.

2. SOME ALGEBRAIC NUMBER THEORY

In this section we give some of algebraic number theory results that
are necessary for our lattice construction. Most of these results are
fairly standard, but we collect them here in one section with references
and proofs for the convenience of the reader. One can see [13] for more
results on cyclotomic fields.

Let E//F be a Galois extension of number fields. Let Og (resp. Op)
denote the ring of integers of E (resp. F); it is a free Op-module of
rank m = [E : F|. Let Gal(E/F) = {01, ...,0mn}. The trace map from
E to I is a F-linear map defined by

m

Trg/p(x) = Z oi(z).

i=1
Moreover, Trg/p(Op) C Op. The norm map from E to F'is also a
F-linear map; it is defined by

Ng/r(z) = [ oi(x).
i=1
Let FF = Q. The discriminant of the number field E' is given by
AE = det(TI‘E/Q(l'iI]))
= det(Ui(QTj))Q

where {z1,...,2,} is a Z-basis of Op.
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We will also make use of the different of a number field. Define
Of ={z € E: Trg/q(zy) € Z for every y € Og}.
The different of the number field E' is given by
Dp=(0f) ' ={z € E:ayc O for every y € O}}

We now specialize to the case of interest for this paper. Fix an odd
prime p and a positive square-free integer D so that p is inert in the
field K = Q(vD), i.e., so that f(x) = 2> — D is irreducible modulo
pif D = 2,3 (mod 4) or f(z) = 2> —x + (1 — D)/4 is irreducible
modulo p if D = 1 (mod 4). Let Ok denote the ring of integers of
K. In particular, we have Ox = Z[vD] if D = 2,3 (mod 4) and

Ok =7 [%ﬁ] if D=1 (mod 4). Let ¢, be a primitive pth root of
unity and set L = Q(v'D, ().
Proposition 2.1. We have

ZVD,(]  ifD=23 (mod 4)
O = Z[Hﬁ,cp} D=1 (mod4).

2

Proof. In light of [13, Theorem 2.6], it only remains to show that K N
Q(¢y) = Q. As the degree of K over Q is two, we either have K N
Q(¢) = Qor K C Q(¢y). However, as p is totally ramified in Q((,)
and inert in K, it cannot be that K C Q((,). O

As noted in the previous proof, p is totally ramified in Q({,). In
particular, pZ[(,] = (1 — ()P~ *. Set p = (1 — (,)Or. It is well-known
that p = (1 — ()0, for any integer a with a # 0 (mod p).

Proposition 2.2. The ramification degree of p over p is p—1 and the
residue class degree is 2, i.e., pOp = p*~! and Op/p = Fe.

Proof. This follows immediately from the fact that p is inert in K,
totally ramified in Q((,), and Op = Ok - Z[{). O

Since KNQ(¢,) = Q, basic Galois theory gives Gal(L/Q) = Gal(K/Q)x
Gal(Q((,)/Q) = Z/2Z x (Z/pZ)*. This allows us to enumerate the
elements of Gal(L/Q) as o, for j =0,1 and 1 <r < p — 1 where

0r(Cp) = C;
O"nj(\/ﬁ) = (—].>j\/5

Lemma 2.3. Let x € Q((,). Then Tryq(zvD) = 0.
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Proof. Observe

p—1

Trp/q(zVD) = Z(Ur,o(fﬁ\/ﬁ) + 0.1 (zVD))
-3 (VDo,o(x) — VDo, (z))

1

r=
=0
since 0'7«70‘Q(<p) = Ur,l’Q(Cp)' -

Lemma 2.4. Given v € Op, Trpq(x) € 2°Z where x = 0 if D = 1
(mod 4) and x =1 if D =2,3 (mod 4).

Proof. The case D =1 (mod 4) is obvious so we only need to consider
p—2
the case Or, = Z[V'D,(,). Let x € Oy, and write z = Z(aj —|—bj\/5)§'g
=0
with a;,b; € Z. Observe that
p—2

Trpjq(x) = Y (a; Triq(¢)) + b Triq(VDE))

Lemma 2.5. We have Trpq(p) C pZ.

Proof. Let x € p. We can write 2 = y(1 — (,) for some y € Of. Note
that o(z) = o(y)(1 — ¢7) for some integer a, for each o € Gal(L/Q).
Thus, o(xz) € p for each o € Gal(L/Q). This gives that Try,q(z) €
pNZ =pZ. O
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The largest totally real subfield of L, denoted L™, is the field fixed by
complex conjugation. The fact that Q(¢,)" = Q(¢, + ¢, ") and D >0

gives LT = Q(V/D, ¢, + ¢, ") and so [L: LT] =2.
Lemma 2.6. Let x € Op+. Then Trp)q(z) € 2-2°Z.

Proof. Tt is enough to show Try,q(z) € 4Z for z € {1,V/D, (¢ +

¢, \/E(Cg—l—gj)} and Try, q(z) € 2Z forx € {1, —”5@, (& +¢Y), HQ/E(C% + Cp_j)}-
Note that Trz,q(1) = [L : Q], which is divisible by 4. We saw above

that Try/q(zvD) = 0 for z € Q(¢,). Consider Trr/q(¢) + ¢, 7). Note
that given a tower of number fields Fy C Iy, C F3, we have

Tng/Fl = Tng/Fl OT‘I'F?)/F2 .
Thus,
Trr/(G + 6 7) = Trae)/e(Trrae) (G + 6 7))
= Trq(,)/Q(2(¢) + 7))

= 2(Trq,)/a(¢)) + Trae,)/a((?))
(-1 1)
—

This gives the result in the case D = 2,3 (mod 4). Note that

Trr/q (1 - \/E> = % (TI“L/Q(l) + TrL/Q(\/E))

2

Finally, observe

R (1 - f(@ +G >> = & (Trwal@ + 6% + Tra(WD(G + 69))

—_—
This gives the result. 0
We have Aq,) = (—1)%]97“_2 and Ax = 4D or D depending on

if D =23 (mod4) or D =1 (mod4). Since p was chosen to be
relatively prime to 4D, [13, Theorem 2.6] gives that

—1 A2
Ap = Ak B,

| (=1)ptpipet if D=1 (mod 4)
T (=P ip?PP(4D)P it D =2,3 (mod 4).
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3. SOME GENERALITIES ON LATTICES

We collect some general facts on lattices. This material can be found
in [7, Chapter 1]. One generally defines a lattice as a subset I' C R" so
that there exists a basis {vy,...,v,} of R" so that I' = Zv; @+ - - ® Zuv,.
The lattices we encounter in this paper will not be subsets of R", so
we need a slightly more general definition. We show our more general
lattices can be identified with the traditional definition of lattices.

Let R be a commutative ring with identity. A symmetric bilinear
form module (S,b) is a free R-module S of rank n along with a sym-
metric bilinear form b: S x S — R. In the case that R = Z, we will
refer to S as a symmetric integral lattice, or just a lattice. The dual
module SY is the module Hompg(S, R). We say (5,b) is unimodular if
the canonical homomorphism S — SV given by = — b(z, -) is bijective.

Proposition 3.1. The integral lattices in R™ are precisely the sym-
metric bilinear modules (S,b) over Z where b: S xS — Z is a positive
definite symmetric bilinear form.

Proof. Let I' C R™ be an integral lattice. Then clearly I' is a free
Z-module of rank n and the usual inner product is a positive definite
symmetric bilinear form.

Now let (S,b) be a symmetric bilinear module over Z. Consider the
real vector space V = § ®z R. We have that b extends to a positive
definite symmetric bilinear form V' x V' — R via

b (Z T; ® o, Z Yi & 53') = Z i3b(xi, y;)-
i J Y]

As V is a real vector space with a positive definite symmetric bilin-
ear form, we can choose an orthonormal basis {vy,...,v,} of V with
respect to b. We have V is isomorphic to R™ as an R-vector space
by mapping {v1,...,v,} to the standard basis {ey,...,e,} of R". Un-
der this isomorphism we have b is identified with the standard inner
product and the image of S is an integral lattice. O

Given a lattice I' € R", we have R™/T" is compact. We define
vol(T') := vol(R"/T") = | det(vy, ..., v,)]

where I' = Zv; & - - - @ Zv,,. Set a; ; = (v;,v;) and A = (a;;). We have

vol(T') = /det(A).
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Note that det(A) is independent of the basis vy, ..., v, chosen for I, so
we write disc(I") for det(A). We have that

1
I(T") = )
vol(T') vol(TV)
Moreover, if I'y and I'y are lattices in R™ with I'y C I'y, then
VOl(Fl) = VOl(F2)|F2/F1|.

Let £/Q be a number field of degree m = r + 2s where r is the
number of real embeddings of E and s is the number of pairs of complex
embeddings. The canonical embedding of E into R™ is given by

OF : E—-R"
z = (01(2), ..., 0r(2), R(or1(2)), S(or1(2)), - ., R(or15(2)), S(or15(2)))

where oy, ..., 0, are the distinct real embeddings and .1, ..., 01924
are the complex embeddings ordered so that o, ; is conjugate to 0,425 ;.

As our lattices will be constructed via rings of integers in number
fields, we briefly review that material. Let E/Q be a number field of
degree m. Let A be a Z-submodule of E of rank m and finite index k.
We can realize A inside R™ via og(A). This is a lattice in R™ of rank

m and volume
vol(og(A)) = k+/| disc(E)].

Note this differs from the usual Lebesgue measure by a factor of 2°.
One can see [9, Prop. 5.2] for this formula. In terms of the symmetric
bilinear modules, this corresponds to the case we take S = A and

4. A PARTICULAR BILINEAR FORM

We will make use of a particular bilinear form defined on Q. We
define that bilinear form in this section and calculate the relevant prop-
erties.

Definition 4.1. For z,y € Oy, define

Y
briq(z,y) = Tr/q (2*]9)

where, as above, x = 0if D =1 (mod 4) and x = 1if D = 2,3 (mod 4)
and 7 denotes complex conjugation.

It is clear from the properties of the trace map that this is in fact a
bilinear form.

Proposition 4.2. The bilinear form by q(-,-) is symmetric and posi-
tive definite on Op.
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Proof. Let x € Op, x # 0. We have

T
bL/Q("E7$) = TrL/Q (2*]7)

- > o(5)
oc€Gal(L/Q) 2p
1 _
> >, o)
oc€Gal(L/Q)

= Qé Z o(x)o(x)

o€Gal(L/Q)

> 0.

Thus, we have that br/q(-,-) is positive definite.
Observe that complex conjugation is an element of Gal(L/Q). Given
any « € Op we have

Trjg@= Y ol

oe€Gal(L/Q)

= >

T€Gal(L/Q)
= Try q(a).
Thus, for x,y € O we have

X

brq(z,y) = Trr/q

)
"

&I@

= TI'L/Q

(55
RN E
(

=br/q(y,

Proposition 4.3. The bilinear form by q(-,) has determinant
Dr—t
det(bL/Q(, )) = p2 .

Proof. We have {1, (,, ...,Cg”, VD, \/Egp, s \/5@'5*2} is a Z-basis of
OLif D =2,3 (mod 4) and {1,@,, o (r2 YD LD %ﬁggﬂ}
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is a Z-basis of Op if D = 1 (mod 4). We claim that complex con-
jugation acting on this basis has determinant (—1)2?=2 = 1. To
see this, observe that each pair {¢J,(?~'77} is exchanged via com-
plex conjugation, so each such pair contributes a —1 to the deter-

minant if j # p — 1 — j. Similarly, a pair {\/5@'7\/5@.717]‘} or
{{%BCIZ, %ﬁg’_l_j contributes a —1 to the determinant when

j #p—1—7j. There are 2(p — 2) such pairs. The other basis elements
are fixed under complex conjugation, so we have the claim.

We have via the definition of the discriminant of L that det(Trz,q) =
Ap. Composing these results gives the determinant of the bilinear form
(z,y) = Trr/q(27) is Ar. Thus, we have

A
det(br/q(--)) = W;(pl)-

Using that p is odd so that (—1)?~! = 1, we have the result. O

5. LATTICES FROM CODES

With L = Q({,, VD) as before, we have a natural surjection 7 :
Or — F2 with kernel p, c.f. Proposition 2.2. We define I : OF — F7;
by mapping componentwise via w. This is clearly still a surjection. Let
CC FZQ be an [n, k]-code, i.e., a k-dimensional subspace. Define

Ae =T1710).

We have FZQ/C = FZ{’“, so C is a subgroup of index p>~*) of F;z.
Thus, A¢ is a subgroup of index p?™=* of OF, i.e., a free Z-module of
index p>(—+).

Given z € O} with = (x4, ...,x,), we define T = (74, ...,T,). For

x,y € OF, define
j=1

Lemma 5.1. Let z,y € OF. We have
r-y=x-7 (mod p)
where we recall p = (1 — (,)O.

Proof. Tt is enough to show x;y; = x;7; (mod p) for each j. Moreover,
it is enough to show this for a basis of Or, over Z. Using that D > 0,
we reduce this to showing ¢J = ¢} (mod p). Noting that ¢ = (P9 and
that p = (1 — ¢¥)Oy for any k # 0 (mod p) we have the result. O
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We define a symmetric bilinear form on O} by setting

]
BL/Q@j?y) = TrL/Q ( 2*p)

=> T ( : J)
j=1 2P

=Y brale;,y).
7j=1

Note that this is a positive definite symmetric bilinear form based on
the fact that by /q(-,-) is such a form.

Theorem 5.2. Let C C F, be a self-orthogonal code, i.e., C C ct
where C+ = {a € Floia-c=0 foralce C}. The associated lattice
Ac is integral, even, and rank 2n(p—1). Moreover, we have Agr C AY.

Proof. Let z,y € A¢. Since C C C*, we have II(z) - TI(y) = 0. As the
map II is reduction modulo p componentwise, this gives that x -y =0
(mod p). Applying Lemma 5.1, we obtain that z -y = 0 (mod p)
for all x,y € A¢. This allows us to conclude via Lemma 2.5 that
Trp,q(x-Y) € pZ. Moreover, Lemma 2.4 gives that Try q(z-7) € 2*Z.
Since p is odd, this gives Try q(x - 7) € 2*pZ for all x,y € Ac. Thus,
B(z,y) € Z for all z,y € A¢, i.e., the lattice A¢ is integral.

To see A¢ is even, just use the fact that x -7 is real, so Trpq(z-7) €
2-2*Z by Lemma 2.6. Thus, Tryq(z-7) € 2-2*pZ for all z € Ac,
which gives By /q(z,x) € 27Z.

Let + € A¢ and y € Agi. Then II(z) € C and I(y) € Ct, so
I(z)-II(y) = 0. As above, this gives -y = 0 (mod p) and By ,q(z,y) €
Z. ThUS, AcJ_ C A\C/

It remains to show the containment is proper. To do this, we show
the volumes are not equal. From above we have the index of A¢ in O}

is p2(=k) We also have that vol(O}) = D';(;n‘”’ S0
Dn(p—l)/Q
vol(A¢) = p—nPQ(n—k) _ Dn(p—l)/2pn—2k‘
Thus,

vol(Ag) = Dr=p)/2p2k=n
Now we must calculate vol(A¢i). Note that the dimension of Ct is
n — k, so the index of A in OF is p?*. Thus, we have

Dn(pfl)/2
VO].(ACJ_) = —p2k — Dn(pfl)/2p2k7n.

7



CODES AND THETA SERIES 11

Note that if we use the equation for volumes, we have

|AS/Aci| = vol(Agr)/ vol(AF)
— pn=1)

Thus, the containment is strict since D > 1. O

6. THETA SERIES

In this section we set-up the general theory we will need before spe-
cializing back to the case of interest in the following section.

Let E be a totally real number field of degree m = [E : Q], em-
beddings o4,...,0,, : E — R, and ring of integers Og. Let V be an
n-dimensional E-vector space with a totally positive definite symmet-
ric bilinear form b(-,-), i.e., b: V xV — FE is a symmetric bilinear form
so that o;(b(v,v)) > 0 for all nonzero v € V. Let A be an E-lattice in
V. We assume A is integral and even. Note this gives that A € AY.
We now explain how to attach theta functions to the lattice A.

Define the complex upper half plane as

h={z€C:3J(z) > 0}.
We have an action of SLy(Og) on h™ given by

L= () L

-----

where z = (21,...,2,) € h™.
Let 3 C Og be an ideal. We define subgroups I'(J), I'1(J), and IT'¢(J)
of SL»(Op) as

To(3) = H“ Z} € SLy(Op) :c=0 (mod 3)}

C

rl(J):HZ 2} €Ty a=d=1 (modj)},

and

r(x):{{“ Z} eTy(3):b=0 (modj)}.

C

Let f: h™ — C and k € Z. We define an action of SLy(Og) on such
functions by defining

m

(Flen)(2) = [ [(05(e)2; + 05(d) *f (7 - 2)

Jj=1
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where v = [CCL Z] and z = (z1,...,2m). Let I" be I'(J), I'y(J), or

I'0(3) for some ideal 3. We say a holomorphic function f : h™ — C
(if E = Q we also require “holomorphic at the cusps”) that satisfies
(fleY)(2) = f(2) for all v € I is a modular form of weight k and level I".
We denote the space of such forms by My (I"). Let x : (Og/3)* — C*

be a character. We denote the space of modular forms f satisfying

(fle7)(2) = x(d) f(z) for all v = {i Z} € ['y(J) by M(3,x). While

we will not need it, there is a very rich theory of modular forms as they
play a seminal role in number theory. The interested reader can see [6]
in the case F = Q and [8] for the general case.

For a given vy € V, define a theta function 6 : h™ — C by setting

bosr()= 3 s,
vEVY+A

where
m

Tr(zB(v,v)) = Z 2;0i(B(v,v)).

j=1
We have via [7, Proposition 5.7] that 6,,,, is holomorphic on §™.
Proposition 6.1. [7, Proposition 5.8] Let k = n/2, v € AY, and

v = [Z Z] € SLy(Og). We have

Oupialiy = i7" Ngjg(e)F[AY - A7

Z o~ TH(2bB (v,w)+bd B (w,w)) Z i Tr( & B(uw)) O
weAV /A u€AY /eA
u=v+dw (mod A)
if c# 0 and
01)+A|k7 — NE/Q (d)fkefri T&“(abB(v,v))eaerA
if c=0.

We define the level of A as
B
L= {a: € Op:Tr <xog$) C Zfor allv € AV}.

We have that £ is an ideal in Og via [7, Proposition 5.9]. Moreover,
the same reference gives that £ = Og if and only if A = AY.
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b

Given v = [CCL d] € ['o(£), define

gy = | T Neg(e) A AT, e TP o e 20,
Ng/q(d)™" for ¢ = 0.

Proposition 6.2. [7, Proposition 5.10] There exists a character x :
(Op/L)* — {£1} so that

for~ = [CCL Z] € 'y (L) where the input in x is understood to be modulo

£. Moreover, for { € Z with ged (¢, L) = 1, £ prime, one has
—1)™/2[AY ;A
i = (S

Theorem 6.3. [7, Theorem 5.8] For v € AY we have

9v+A|k7 = Opin
for all v € T'(£) and
Onlry = x(d)fa
for all v € To(L), i.e., Oyin € Mi(T'(L)) and 0y € Mi(L, x).

7. THETA SERIES AND LATTICES FROM CODES

In this section we apply the results on theta series from the previous
section to the lattices constructed from codes in Section 5.

Recall we have L = Q(v/D,¢,) and Lt = Q(V/D, ¢, + ¢, '). Note
that L™ is a totally real number field of degree p — 1, i.e., in the setting
of the previous section we have £ = LT and m = p — 1. We set
V = L, a 2-dimensional LT-vector space. Observe that p C Oy is
a L*t-lattice in L. Define a positive definite symmetric bilinear form
bryp+ 1 L x L — L* by setting

br L+ (z,y) = Trp p+ (ij;)
Ty t+ay
T
It is easy to check this is well-defined and is a positive definite sym-
metric bilinear form. Note that

=7

bL/L+(J,’,LL’) = D
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Let Gal(L*/Q) = {o1,...,0,-1}. For each j € p¥ we define a theta
function as in the previous section by
0;(2) = 0j15(2)
_ Z eﬂ'iTr(ZbL/L-‘r (z,x))

TEJ+P
where z = (z1,...,2,-1) € h*~! and
p—1
Tr(zbyp+(x,2)) = 2;0;(bryp+(z, 7))

=1

p—1 217* B

=D ——%0; (xT).

=1 P

Thus, we have via Theorem 6.3 that 6; € M;(I'(£)). We now show
that £ = @ :=pN LT. Our first step in this is calculating

p' ={z € L:Trp+,q(br/r+(2,2)) € Z for all z € p}.

Observe that

xrZz
Triej(bryi(r,2) = Triejq (T]VL/L+ <2Tp>>

Thus, we can rewrite p¥ as

p\/:{xEL:TrL/Q <2ITZ> EZforaHzEp}.
p
The main facts we use in this calculation we saw before, namely,

Trp q(a) =a[L: Q] forallaec Q,
TrL/Q(Cg) =—2 forall 70 (mod p),
TrL/Q(x\/B) =0 forall z € Q(().

Proposition 7.1. The lattice p" consists of elements in L of the form
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1
where a; € 5= Z and b; € 5= DZ In other words, as Zi-modules we
have
p—2 1 p—2 1
V o~
o= (D) o (Borpr)
j=0 7=0
Proof. Let x € L and write
p—2
(aj + b;VD)C
7=0

with aj;, b; € Q. We have ¢J(1 — ¢,) € p for all j. For € p¥, we must
have b(z, z) = Trr/q (296_2> € Z for all z € p.
*p
Consider z =1 — C so Z =1 — (,. We have

b(x,z) = % Trrjq(x(1—¢p))

2*p
p—2
= 21}) (Z(aj + \/Ebj)é}f(l - Cp))
j=0
p—2
B 21 (TI"L/Q(%C;Z —a;G") + T (VD (bi¢) — bjggﬂ)))
pi=
1 22
= o a; (TTL/Q(C;Z) - TrL/Q(Cg+1>)
[
1
= > (aO(TI‘L/Q(l) - TrL/Q(Cp)))
_ 21pa0([L Q| +2)
_a2(p-1)+2)
p
= 21_*a0.

Thus, we must have ag € 5= s1—Z. Similarly, by taking z = CJ(l —C ) for

various 7, one obtains ay,...,a,_2 € 21,*Z as well.
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To restrict the possible values of by, . . ., b,_2, we consider z = \/5(5(1—
¢,)- For example, setting z = VD(1 — ¢,) we have

b(z,z) = % TI"L/Q(CC\/B(1 — ()

Lp Trrjq (X_:(%’ +vDb;)¢)VD(1 — Cp)>

2% :
7=0
1 =2
= 505 2 (VDG = ;) + Truja(DG ~ b, ™)
=0
R
=5 ) Dbj(Trr Q) — Trrj(G))
2*p =
_ Dbo([L : Q] +2)
2*p
= 27 Dby,
Thus, we must have by € ﬁz. The same argument using z =
\/ﬁfg(l — (,) gives that by, ..., b, € 7r55Z as well. O
Set M to be the Op+-submodule of L generated by the elements
b :
M for z € pV.

Proposition 7.2. [7, Prop. 5.9(ii)] One has £L=N"1D}.

This proposition gives that to calculate the level, all we need to
calculate is 91 and ®+. To calculate ® 1+, we make use of the following
well-known theorem.

Theorem 7.3. Let E/Q be a number field. The prime ideal factors of
D g are the primes in E that ramify over Q. More precisely, for any
prime ideal q in Og lying over a rational prime q, with ramification
indez e, the ezact power of q dividing Dg is ¢ ' if e £ 0 (mod q) and
q° | Dg ifq|e.

Set p=pNLT ie, p=(1-¢)(1— Ep)). The previous theorem
immediately gives

D = o I2(2VD).

b T, T 2xT T

Now consider 9. We have —. v+ (2,2) — ™ Bom the
2 214+ 2p

description above of the elements in p¥, we immediately see that 9t C
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Op+. We just need to show containment in the other direction.

1
2*v/Dp

1 1
Letting = = 1 we see 1 contains T Setting + = —= we have
p

VD

€ N. By setting x =1+ ¢p we see that

D
buln) L (L) (14 )
:21 <1+11)+\/_(gp+é ))

1 1 1
Using that “ye OF, — and in N, btain — €
sing that (¢, +¢, ) L' 3o an > Dp are in 1, we obtain 75

. This gives the desired containment. Thus, we have
N = p=P/2(2*/ D)1,

Combining this with the calculation of ®+, we have £ = p. In other
words,

2*Dp

for all j € p¥ where x is the character as defined in the previous section.
For our set-up we have y : (OZF/p)X — {£1} and for ¢ # p, we have

x() = (DT) :

We now turn our attention to the lattice A¢ constructed in Section
5. Here we take V' = L" and define By/p+ : V XV — L™ by setting

BL/L+ v, w ZbL/L+ Uj,’wj

for v = (vy,...,v,) and w = (wy,...,w,). Associated to A¢ we have
QAC (Z) _ Z ewiTr(zBL/L+ (v,v))
vEAC

where as above we define
p—1
TI'(ZBL/LJr (’U, U)) = Z Zjo_j(BL/L+ (U, U))

j=1
We have via Theorem 6.3 that

Ore € Myj2(Le, xc)
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where £¢ and y¢ are as defined in Section 6 and depend on the partic-
ular code chosen. One can note in the case that D = 1, the associated
lattice is unimodular and so then £, = 1 and x¢ is the trivial character.
In our case of D > 1, we know the lattice is not unimodular so we have
Le is strictly contained in Op+.

Write Fp2 = {a,...,q,2}. Observe that we have Op C pY, so
we have p¥ — Op — F,2. In particular, we choose representatives
{z1,..., 2,2} in p¥ so that z; maps to c; under the natural surjection
given above. Given ¢ € C, let [,;(c) denote the number of times «;
appears in the codeword c. We recall the complete weight enumerator
of the code C is defined by

p2
Ly (o)
We(Xi,.., X)) =Y [,
ceC j=1
Theorem 7.4. Let C C FZQ be a linear code with C C C*+. Then we
have the following identity:

Ore = We(Opy, ..., 05 ).

P

Proof. Observe we can write

eAC (Z) _ Z Z e7ri Tr(zBL/L+ (v,v)) .

ceC vell~1(c)

We consider the inside summation. We have

2
p
; Lo (e)-
§ : eszr(zBL/L+ (v,v)) _ H emjj( )
i=1

vell=1(c)

Now we sum over ¢ € C to obtain the result. O

We should note here that the theta series 0,,, ... ,9%2 are not alge-
braically independent, so this isn’t an optimal result. In fact, they are
not even distinct. For instance, the transformation property for theta
series gives that 6; = 6_; for all j € p¥. Ideally one would define a
generalized Lee weight ¢ as in [10] so that one has ), is the associated
polynomial W, evaluated only on the algebraically independent theta
series. This is the subject of future work.
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